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interaction with surfactants. 

Conclusion 
The present work shows that copolymers of l-pyrene- 

acrylic acid with methacrylic acid and acrylic acid show 
significant structural changes with pH, structural changes 
that affect the pyrene environment. The changes may be 
interpreted in terms of what is already known from NMR, 
light scattering, and other physical measurements with 
regard to PMA unwinding with increasing pH. This lends 
support to the present studies on insights that can be 
gained from photophysical studies of probes, either solu- 
bilized or bound to polymer systems. In particular, the 
location of the probe molecule, either a t  the chain end, 
randomly bound to the chain, or simply solubilized in 
compact PMA, indicates different stages of opening of the 
polymer as its degree of dissociation increases. In each case 
a discrete pH region is indicated. However, the uncoiling 
of PMA appears to be a continuous process over several 
pH units. The present studies show that the fluorescent 
probe pyrene is a sensitive indicator of the conformational 
behavior of PMA. Water-soluble polymers are often used 
as solubilizing or stabilizing agents for many colloidal 
systems such as clays, where the polymer may bind to the 
clay edge and prevent flocculation. Little is known about 
the nature of this binding, but copolymers containing 
fluorescent probes could give useful information on the 
nature of the polymer colloid binding, e.g., on the envi- 
ronment of colloidal clay edges. 
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ABSTRACT Relationships between particle scattering functions and chain structure are investigated through 
calculations of P(Q) for unperturbed polymethylene (PM), poly(oxyethy1ene) (POE), and poly(dimethylsiloxane) 
(PDMS) chains of up to 150 skeletal bonds. The calculations employ a Monte Carlo technique with Metropolis 
sampling and realistic rotational isomeric state models (RISM) using established molecular parameters. P(Q) 
is calculated for each accepted configuration of a Metropolis sample using the exact Debye expression for 
a collection of point scatterers. For P M  and POE, scattering centers are assumed to be located in the chain 
backbone, and for PDMS the effect of offsetting the scattering centers to account for the methyl side groups 
is investigated. Differences in contrast factors between chain segments and background medium, which are 
important for comparisons with experimental data, are also taken into account and are shown to affect the 
form of P(Q) in the intermediate-Q and high-Q regimes. A moment expansion method used previously in 
the literature is investigated for PM and shown, except for Q < 0.1 A-1, to give values of P(Q) in poor agreement 
with those from the full, Monte Carlo procedure. The effects of chain length, chain structure, and flexibility 
(temperature) on the form of P(Q) are illustrated and discussed. 

Introduction 
Small-angle neutron scattering (SANS)1-4 allows mea- 

surements of the scattered intensity from polymeric sys- 

Present address: Unilever Research Port Sunlight Laboratory, 

tems to be made over a much wider range of scattering 
vector Q (=(4r/X) sin (0/2)) than is accessible using 
classical light scattering.6 Experimentally 

I (Q) / I (O)  = P(Q)S(Q) (1) 

Bebington, Wirral, Merseyside L63 3JW, U.K. when I (Q) and I(0) denote the scattered intensity a t  Q = 
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Q and Q = 0, respectively. P(Q) is the particle scattering 
factor which characterizes scattering from individual 
molecules and S(Q) is a structure factor associated with 
the presence of intermolecular correlations. In dilute so- 
lution, S(Q) = l and I(Q)/I(O) N P(Q). In this paper, the 
discussion is confined to the particle scattering factor P(Q) 
and so the results are applicable to dilute solutions and 
systems for which S(Q) is known. 

Both P(Q) and S(Q) are related by Fourier transforms 
to appropriate pair distribution functions of distances 
between scattering centers. The particle scattering func- 
tion for a system of x point scatterers can be written as6 

(2) P(Q) = -CC(exp(iQ*rij)) 

when rij is the vector connecting scattering centers i and 
j .  On averaging over all orientations eq 2 reduces to6 

l X X  
x 2 i  I 
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tively high molar mass and obtained excellent agreement 
between theory and experiment. However, valuable in- 
formation about the general form of P(Q) for particular 
polymers and variations with chain length and temperature 
can be obtained by treating scattering centers as being 
located on or near to skeletal atoms in the polymer chain. 
The ability to predict the form of P(Q) in the interme- 
diate-Q range from a detailed knowledge of chain structure 
using eq 4 offers the possibility of extracting more infor- 
mation from a scattering experiment than simply the ra- 
dius of gyration. 

Previous calculations of P( Q) for unperturbed polymer 
chains have been reviewed recently." Heine et a l .12  used 
a Monte Carlo technique and a persistence chain model 
to evaluate P(Q) for chains with varying degrees of stiff- 
ness. Their results agree qualitatively with measured 
scattering functions, but the persistence chain model takes 
little account of the detailed chain structure and its use- 
fulness may be limited. 

Flory et al.13-15 adopted a different approach for un- 
perturbed chains using the RISM and realistic molecular 
parameters and the Nagai series expansion of the function 
sin (Qr,) /Qr,. The scattering centers are approximated 
as being segments in the chain backbone, although at- 
tempts have also been made to account for scattering 
centers in pendant side groups. Sin (QrIl)/Qril can be 
expanded in even moments (r,,@) of rrl and for sufficiently 
long chains ( r L I 2 p )  can be replaced by ( r n 2 p ) .  In other 
words, ( ri12P) becomes insensitive to the position of i and 
j in the chain and can be replaced by the 2pth moment 
of the end separation of a chain of n bonds, where n = li 
- j l .  The even moments of r for a chain of n bonds can 
easily be calculated using generator matrix techniques16 
and the upper limits to p and n are governed by the 
available computer time. To avoid matrix calculations of 
moments of higher orders,14J5 results from the Nagai series 
were supplemented by Monte Carlo evaluations of (sin 
(QrIl)/QrIl) for selected smaller values of li - j l. It has been 
shown previously''J8 that the Nagai series is oscillatory and 
converges slowly. Calculations of P(Q) for an unperturbed 
PM chain of 100 skeletal bonds, using the Nagai series 
approach, are presented in the next section and further 
illustrate the limitations of this method. However, it 
should be noted that the oscillations in P(Q)  for syndio- 
tactic PMMA are apparently well reproduced by use of the 
Nagai series.15 

Recently, a development1g-21 of the generator matrix 
method of Flory et al.13-15 has been proposed to treat 
perturbed chains. However, the method of Flory can only 
be applied in a self-consistent manner to unperturbed 
chains. In general, calculations of P(Q) for excluded 
volume chains and chains of finite length require the nu- 
merical evaluation of P(Q) through eq 4 and realistic chain 
models. Since complete enumeration techniques can only 
be used for very short chains, Monte Carlo cdculations are 
required to evaluate P(Q) for polymeric chains. 

Previous Monte Carlo calculations of P(Q) for polymer 
chains have been reported.8J0J7 Zierenberg, Carpenter, and 
Hsieh" (ZCH) used a Monte Carlo method with randomly 
generated samples and eq 3 to calculate P(Q) for PM 
chains and compared their results with P(Q) given by the 
Nagai series expansion. However, they replaced riJ in eq 
3 by rll (in other words they assumed r,/ to be independent 
of the position of i in the chain). The error resulting from 
this assumption is discussed in the next section. As 
mentioned previously, Yoon and Flory8 calculated P(Q) 
for short PM chains using a Monte Carlo technique and 
compared their results with experimental SANS data ob- 

1 t I sin (Qrij) 

x 2  i J ( Qri; ) P(Q) = -CC (3) 

For molecules containing scattering centers of unequal 
scattering power, or contrast, eq 3 can be generalized to 
give 

where gi and g; are the contrast factors for segments i and 
j ,  respectively. At  low Q, in the so-called Guinier regime 
( Q ( s 2 ) ' 1 2  << l), eq 3 further simplifies to 

Q2(s2)  P(Q) = 1 - - 
3 

where (s2) is the mean-square radius of gyration of the 
molecule. 

For a collection of identical point scatterers with a single 
Gaussian probability density for end-to-end vectors of 
subchains (the Gaussian subchain model), Debye' derived 
the following expression for P(Q) 

It is well-known that eq 6 does not adequately represent 
the form of P(Q) at  high Q (Q(s2)'12 >> 1) for many un- 
perturbed polymers. Polymers with complex architectures 
such as branched or cyclic species and chains which are 
perturbed by excluded volume effects deviate even more 
markedly from eq 6. 

Neutrons are scattered by interactions with atomic 
nuclei, and to calculate P(Q) exactly, the double sums in 
eq 4 should be evaluated for all pairs of nuclei in the 
molecule using the appropriate values of gi and gj. This 
would mean that for most polymers the calculation of P(Q) 
would be prohibitively time-consuming. However, ap- 
proximations can be introduced tQ make the problem more 
tractable. For instance, nuclei which are attached to the 
same skeletal atom (e.g., the af" in a -CH2- repeat unit) 
can be approximated as point scatterers located on the 
skeletal atoms. This will give the correct form of P(Q) at 
low Q, when large distances are dominant, but may lead 
to errors a t  high Q. Yoon and Florf have shown that 
SANS datas for short polymethylene (PM) chains in the 
range 0.2 5 Q 5 0.4 A-l can only be exactly reproduced by 
evaluating the double sums in eq 3 over all protons in the 
chains. Recently, Hayashi, Flory, and WignalllO have ex- 
tended this work to polyisobutylene (PIB) chains of rela- 
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tained by Dettenmaier for n-C16 and n-C% chains. They 
showed that the experimental data a t  high Q could only 
be reproduced by taking the protons as scattering centers. 

More recently, Hayashi, Flory, and WignalP have de- 
vised a Monte Carlo method, which can take explicit ac- 
count of all scattering nuclei in the chain, to calculate P(Q) 
for unperturbed polyisobutylene (PIB) chains of 800 mo- 
nomer units. Excellent agreement is obtained with both 
SANS and X-ray scattering measurements over a wide 
range of Q values. The method uses conditional proba- 
bilities applicable to unperturbed chains to compile a 
histogram of distances between all pairs of scattering 
centers in the molecular and evaluates P(Q) from the 
histogram. 

In this paper we assume that scattering centers are lo- 
cated on or near skeletal atoms and the general effects of 
chain length and temperature are investigated. A Monte 
Carlo technique based on Metropolis  ampl ling^^.^^ is em- 
ployed, which has been used previously to investigate the 
configurational statistics of isolated linear and cyclic 
chains,24-26 of chains adsorbed onto a diffusion 
 coefficient^,^^^^" and P(Q) for linear and cyclic PDMS,31 
including a fitting of experimental data. The Metropolis 
algorithm has the advantage that calculated quantities 
converge to their equilibrium values in a well-characterized 
manner and can be applied to both perturbed and un- 
perturbed chains. The use of large sample sizes ensures 
that the uncertainty in P(Q) is less than 1%. Hence, in 
the present paper smooth curves are drawn through the 
calculated points. 

Particle scattering functions, P( Q), have been calculated 
for unperturbed PM, poly(oxyethy1ene) (POE), and linear 
poly(dimethylsi1oxane) (PDMS) chains containing up to 
150 skeletal bonds, using eq 4 and the aforesaid Monte 
Carlo technique. The polymers have increasingly com- 
plicated chain structures from the relatively simple PM 
chain with one type of chain segment to PDMS with two 
types and widely differing bond angles and large methyl 
side groups. Scattering functions have been calculated up 
to Q = 1.0 A-l, although for neutron scattering experiments 
the incoherent background generally becomes dominant 
for Q k 0.5 A-l. The calculations on PM were carried out 
in order to examine the usefulness of the Nagai series, the 
behavior of real chains relative to the Gaussian subchain 
model as a function of chain length and flexibility, and to 
provide a comparative basis for interpreting the predicted 
behavior of POE and PDMS. The effect of varying the 
relative magnitudes of the contrast factors gi and gj, to 
model experimental conditions by taking account of dif- 
ferent solvent backgrounds, is investigated for POE and 
PDMS. The scattering centers are usually positioned on 
the atoms in the chain backbone, although for PDMS the 
effect of including offset scattering centers is investigated. 

Computational Technique 
A rotational isomeric state model (RISM) chain of x: 

segments is generated and its configurational energy (which 
may include both local and nonlocal contributions) is 
calculated. In this paper, nonlocal interactions between 
segments are suppressed and the chains are effectively 
unperturbed by excluded volume effects. The configura- 
tion of the chain is changed by randomly altering the 
rotational states of typically three contiguous skeletal 
bonds, and the new energy and the energy difference A E  
= E,, - Eold are computed. If A E  is negative the new 
configuration is accepted and the running averages of the 
properties of interest are computed. For A E  > 0 the new 
configuration is accepted with probability exp(-AE/k??, 
and if the configuration is rejected the properties of the 
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Figure 1. Schematic Kratky plot (P(Q)Q2x vs. (Q) for a "typical" 
polymer chain. (I) Guinier regime (slope - 0 as Q - 0). (11) 
Plateau region. (111) Linear behavior at high Q, extrapolating 
linearly back to the origin. 

old configuration are counted into the sample again. For 
large sample sizes (typically IO5 configurations for x = 100) 
this procedure leads to a Boltzmann ensemble of chains. 

For present purposes values of sin (Qrij)/Qrii are gen- 
erated for all i and j ,  and P(Q) is evaluated by using eq 
4. For chains with two types of scattering centers, the 
contrast ratio is given by the equation 

(7) 

where p = ( C b / u )  is the scattering length density of a 
segment with total scattering length Cb and volume u. 
Values of u are calculated from experimental densities and 
van der Waals radii. Values of b are tabulated elsewhere 
for the commonly occurring nuclei which make up the 
scattering centers considered here.2 pm, the scattering 
length density of the background medium, is calculated 
in the same manner and for pm = 0 the chain is effectively 
in vacuo, a situation which cannot be attained experi- 
mentally. For a homopolymer with identical scattering 
centers, eq 3 is employed to calculate P(Q). 
Results and Discussion 

Calculated values of P(Q) can conveniently be presented 
with the so-called Kratky plot" of P(Q)Q2x vs. Q. A 
schematic Kratky plot is shown in Figure 1 and three 
different regions can be identified. At low Q, when Q(s2)'J2 
<< 1, the radius of gyration of the polymer molecule can 
be obtained from P(Q) through eq 5. In the intermediate-Q 
regime, scattering from segments separated by relatively 
short distances in the molecule becomes dominant and the 
scattered intensity can reach an asymptotic limit given, 
for the Gaussian subchain model, by P(Q)Q% 2xK*c/ (s2) 
(where c is the concentration and K* is an experimental 
constant). At high Q there is a further upturn in the plot 
of P(Q)Q2x vs. Q which results from the effects of scat- 
tering from individual nuclei. Consequently the scattered 
intensity in this region would be expected to become in- 
dependent of chain length as Q increases. 

Polymethylene. The RISM of PM employed here was 
developed by Abe, Jernigan, and Fl0rS.1~ and has t, g+, and 
g- states situated at  Oo, 112.5O, and -112.5O, respectively 
with rotational energies E,  = 400 cal mol-' and E, = 1500 
cal mol-'. Scattering centers in the PM chain are taken 
as being centered on the skeletal carbon atoms. Figure 2 
shows a Kratky plot for a PM chain of 100 skeletal bonds 
at 298 K, where P(Q) has been calculated using the Nagai 
series expansion truncated at the 10th moment of r.  The 
figure shows clearly that the Nagai series has not converged 
by the 10th moment and that the start of oscillatory be- 

gi (pi  - pm)2 

gj (pj - d2 
_ -  - 
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Figure 2. Kratky plots for an unperturbed PM chain with 101 
skeletal atoms at 298 K: Nagai series expansion up to the 2pth 
moment of r,  for p = 1-5; (--) Monte Carlo calculation using eq 
3; (- - -) Monte Carlo calculation using the ZCH approximation. 

0 5 t  

- - - - - 1 5 0  

3 
0.5 1.0 

0 /A-' 

Figure 3. Kratky plots for unperturbed PM chains at 298 K as 
a function of chain length (-) calculated using Monte Carlo 
method and eq 3 at chain lengths shown; (--) from eq 6. Numbers 
of skeletal atoms shown with curves. 

havior is indicated. These observations are in keeping with 
previous r e ~ u l t s . ~ ~ J ~ J ~  The dashed curve in Figure 2 rep- 
resents the present Monte Carlo calculation of P(Q) for 
a 100 skeletal bond PM chain using eq 3 in its full form. 
The Nagai series shows no sign of converging to this limit 
for Q R 0.1 A-l. The dot-dashed curve represents the 
equivalent calculation but replacing r -  by r l j  as reported 
previously by ZCH. The curve in the ZCH approximation 
lies closest to the 6th moment of the Nagai series expansion 
and overestimates P(Q) by about 5 %  at  intermediate Q 
compared to the full Monte Carlo calculation. The dif- 
ference between the two dashed curves is not important 
and would be expected to diminish with increasing chain 
length. However, it is expected to become significant for 
perturbed chains due to the increased dependence of rij 
on the positions of i and j in the chain. 

Figure 3 shows a Kratky plot for PM chains of various 
chain lengths a t  298 K, for Q = 0 to Q = 1.0 A-l. Also 
shown are the appropriate Gaussian approximations to 
P(Q), calculated with eq 6 and the radii of gyration of the 
chains in question. At low Q the agreement between the 
Monte Carlo technique and eq 6 is excellent, but there are 
large deviations at intermediate Q and high Q, reflecting 

2.01 

1 . 0 -  

Figure 4. Kratky plots for unperturbed PM chain with 101 
skeletal atoms as a function of temperature: (-) calculated using 
Monte Carlo method and eq 3 at temperatures shown; (--) from 
eq 6. 

the non-Gaussian nature of the pair distribution functions 
of rtJ for small li - jl. The Monte Carlo calculations produce 
an upturn in the Kratky plot a t  high Q, corresponding to 
that shown in Figure 1 and P(Q)Q2x becomes independent 
of chain length. The plateau region is compressed at  the 
short lengths considered here. 

Figure 4 shows a plot of P(Q)Q2x vs. Q for a PM chain 
of 101 skeletal atoms as a function of temperature as well 
as the Gaussian approximations to P(Q) at  three tem- 
peratures. At 50 K, when the contribution to the average 
configuration of the chain from the all-trans configuration 
becomes dominant, P(Q)Q2x approaches the linear rigid- 
rod limit, while a t  higher temperatures the plateau region 
of the Kratky plot starts to appear. However, agreement 
between the Monte Carlo calculations and the Gaussian 
approximation never becomes complete, again due to the 
effects of non-Gaussian distributions of rlJ for small li - 
jl becoming emphasized as Q increases. 

Poly(oxyethy1ene). The RISM of POE used in these 
calculations has been described previously by Mark and 
F10ry.~~ Since the POE chain contains both -CH2- and 
-0- units, the ratip of contrast factors depends on the 
scattering length density of the background medium (pm). 
Calculations have been performed for g, = gl, when the 
subscripts i and j denote -0- and -CH2-, respectively, as 
well as for hydrogenous POE in D20 (gl/g, = 0.00133), H20 
(gi /gJ = 30.6), and in vacuo (gl /gJ = 417). Previous cal- 
culations by Yoon and Flory14 employed the Nagai series 
method to calculate P(Q), for Q < 0.3 A-l, and assumed 
that the scattering was centered on the oxygen atoms. This 
corresponds to the case of hydrogenous POE in H20,  
whereas SANS measurements have generally been carried 
out in D,O. 

Figure 5 shows a Kratky plot for POE chains of a variety 
of chain lengths in D 2 0  at  298 K. As for PM, P(Q)Q2x 
becomes independent of chain length of high Q, although 
the upturn in the Kratky plot is less marked and the 
plateau is more marked than for PM. Also shown in Figure 
5 are the Gaussian approximations, using calculated values 
of (s2) and eq 6, to the scattering functions for POE chains 
with 19 and 148 segments. As for PM, the agreement 
between the Gaussian approximation and eq 4 is excellent 
a t  low Q, but there are significant deviations for Q > 0.15 
A-1. The more marked plateau at intermediate Q appears 
to be due to the contrast factors employed rather than the 
configurational statistics of the chain. Subsidiary calcu- 
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1.51 1 
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1.0.  

0 . 5 -  

Figure 5. Kratky plots for unperturbed POE chains at 298 K 
with the numbers of skeletal atoms shown: gi/gj = 0.0013, when 
subscripts i and j denote -0- and -CHz-, respectively; (-) 
calculated using Monte Cailo method and eq 4; (--) from eq 6. 

0.5 1.0 
0 / A-1 

Figure 6. Kratky plots for POE with 100 skeletal atoms at 298 
K, with different ratios of contrast factors: curve 1, gi = g.; curve 
2, gi/gj = 0.0013 (POE/D,O); curve 3, gi/gj = 30.6 (POd/H,O); 
curve 4, gi/gj = 417 (POE in vacuo). (i 2 -0-, j = -CH2-). 

lations for a PM chain with every third scattering center 
given zero weighting produce similar behavior to that 
shown in Figure 5 for POE. The change in behavior with 
contrast factor is further illustrated in Figure 6 where a 
Kratky plot is shown for a POE chain with 100 skeletal 
atoms and a range of contrast ratios gi/gi. Increased 
weighting of separations of the order of one bond length 
(gi = gj) produces an increase in P(Q)Q% at  high Q (curve 
1) similar to that observed previously for PM. The pre- 
vious calculations by Yoon and Flory14 for POE did not 
extend to high enough Q to show this region of the Kratky 

Figure 7 illustrates the temperature dependence of the 
scattering function for a 100 skeletal atom POE chain in 
D20. In contrast to the case for PM where the chain tends 
to the all-tram rigid-rod configuration at low temperatures, 
the POE chain tends to a helical structure a t  low tem- 
perature. This apparently results in the characteristic 
maximum in the Kratky plot a t  intermediate Q, which 
increases in magnitude with decreasing temperature. 
Poly(dimethylsi1oxane). The detailed chain model of 

PDMS has been given previously by Flory, Crescenzi and 
Mark.= The PDMS chain consists of -Si(CH3)8 and -0- 
units so that, as for POE, the ratio of contrast factors 
depends on the scattering-length density of the background 

plot. 

P(0” x ’” 

U.5 1.5 
O/A-’  

Figure 7. Kratky plots for POE with 100 skeletal atoms as a 
function of temperature: gilg, = 0.0013 (POE/DzO, i = -0-, j 

-CHz-); (-) calculated using Monte Carlo method and eq 4; 
(--) from eq 6. 

/ 

n r  
0 

Figure 8. Kratky plots for PDMS chains with numbers of skeletal 
atoms shown at 298 K aa a function of chain length g,/g, = 0.135 
(PDMS/C6D6), i = -0-, j = -Si(CH&; (-) calculated using 
Monte Carlo method and eq 4; (--) from eq 6. 

medium pm. The cases considered here are g, = gJ,  where 
the subscripts i and j denote -0- and -Si(CH3)2-, re- 
spectively, and hydrogenous PDMS in deuteriobenzene 
C6D6 (gi /gl  = 0.135), in C6H6 (g , /gJ = L3), and in vacuo 

Figure 8 shows a Kratky plot for PDMS of various chain 
lengths in C6D6 at  298 K with scattering from the -Si- 
(CH3)z- group centered on the skeletal silicon atom. The 
plots are similar to those obtained for PM with P(Q)Q2x 
becoming independent of chain length at high Q. 

The effects of temperature are illustrated in Figure 9 
for a 101 skeletal atom PDMS chain in C6D6. Decreasing 
temperature produces a maximum in the Kratky plot at 
Q = 0.25 A-l, which in fact corresponds to u = Q(s2)l12 = 
2 (as T and hence (s2)lI2 decrease, the maximum shifts to 
slightly higher Q). As for POE, this is due to the pre- 
dominance of helical sequences at  low temperatures. 
However, the low-energy all-trans configuration of PDMS 
is planar and forms a closed ring for x = 22, which for the 
model unperturbed chain corresponds to a helix of zero 
pitch. In reality the trans torsional angle of the PDMS 
chain is probably slightly distorted at  low temperatures 
to allow the formation of a helix with a suitable pitch, 
although this is not taken into account here. In this 

(gl/gJ = 44.6)* 
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Figure 9. Kratky plots for PDMS chain with 101 skeletal atoms 
as a function of temperature: gi/gj = 0.135 (PDMS/C&, i = -0-, 
j -Si(CH&-); (-) calculated using Monte Carlo method and 
eq 4. 

context the presence of a maximum in the Kratky plot for 
cyclic PDMS at 296 K and u 2 has been observed ex- 
perimentallpl and predicted computationallyl using the 
present Monte Carlo technique. In addition, the existence 
of a maximum at  u = 2.15 has been predicted generally 
for cyclic polymers by Burchard and SchmidP5 using the 
Gaussian subchain model. 

The behavior of the curves for PDMS at  high values of 
Q may be contrasted with those for PM (Figure 4) and 
POE (Figure 7). The latter two sets of curves each coalesce 
to give temperature-independent behavior over small 
distances. However, PDMS shows a temperature sensi- 
tivity over the whole range of values of Q investigated. 
Thus chain flexibility is affecting the number of scattering 
centers which are separated by distances down to a fraction 
of an A. This contrasting behavior must be linked with 
the increased statistical weights of confiiations composed 
of all-trans rings of 22 atoms, which produce helical sec- 
tions in the chain with scattering centers from adjacent 
turns of the helix, being situated in close mutual proximity. 

In Figure 10 the effects of varying the contrast ratio gi/gj 
are illustrated together with those of offsetting the -Si- 
(CHJ2- scattering center. For PDMS, the total scattering 
lengths of a silicon atom and a methyl group are 0.42 X 

cm, and the resulting difference 
in contrast means that the effective scattering center for 
the -Si(CH,),- group will be considerably offset from the 
silicon atom. This can be approximately accounted for by 
storing an additional set of coordinates corresponding to 
the effective scattering center, which is the center with 
respect to contrast factors of the silicon atom and the two 
methyl groups. These scattering units form a triangle and 
the position of the effective scattering center can be cal- 
culated using the known values of g as weights in a “center 
of mass” type formula. Offsetting the effective scattering 
center reduces the scattered intensity, due to the increase 
in the shortest separation of scattering centers in the chain 
and can produce effects of similar magnitude to those 
found by varying the ratio of contrast factors. The effect 
of offsetting the scattering center extends to values of Q 
as low as 0.1 A-‘. In this respect, the present result is in 
qualitative accord with the findings of Yoon and Flory for 
short PM chains8 and Hayashi, Flory, and Wignall’O for 
the unperturbed PIB chain. 
Conclusions 

A Monte Carlo technique, using Metropolis sampling, 
has been used to calculate P(Q) for realistic RISM chains 

and -0.457 X 
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Figure 10. Kratky plots for PDMS chain with 101 skeletal atoms 
at 298 K with different ratios of contrast factors: (-) Scattering 
centered on skeletal atoms; (--I offset scattering centers; curve 
1, gi = g ; curve 2, g,/g, = 0.135 (PDMS/C,&); curve 3, gi/g = 
1.3 (PD~s/c,H,); curve 4, gi/g, = 44.6 (PDMS in vacuo) (i 
-0-, j = -Si(CH&-). 

containing up to 150 skeletal bonds. The calculations 
employ the exact expression for P ( Q )  for a system of point 
scatterers (eq 4) with scattering occurring at  effective 
segmental centers. Calculations have been performed for 
PM, POE, and PDMS chains which are unperturbed by 
excluded volume effects. Realistic chain models have been 
used throughout the calculations and experimentally re- 
alizable values of g j / g j  have been employed. The varied 
forms of Kratky plots obtained illustrate the importance 
of accounting for chain structure and experimental con- 
ditions (temperature and contrast factors) even at  rela- 
tively low values of Q. The same Monte Carlo technique 
and PDMS RISM with non-offset -Si(CH3)2- scattering 
centers has already’ been used to explain experimental 
SANS measurements of P ( Q )  for cyclic and linear PDMS 
up to u N 4. 

For PM, it is shown that the replacement of rij in eq 2 
by rlj can lead to a slight overestimate of P ( Q )  at  inter- 
mediate Q for short chains where end effects are important. 
The Nagai series for sin (Qri,)/Qrij is shown to be non- 
convergent and oscillatory in keeping with the findings of 
previous worke r~ .~~J ’ J~  

The ratio of contrast factors g J g j  is shown to be im- 
portant in the calculation of P ( Q )  at  intermediate Q and 
high Q for chains with more than one type of scattering 
center. Reduction of the contribution to P ( Q )  from pairs 
of scattering centers separated by only one or two skeletal 
bonds produces a reduction in P ( Q )  at  high Q. P ( Q )  has 
also been calculated for PDMS chains with offset scat- 
tering centers to allow for the presence of methyl side 
groups on the silicon atoms of the chain. The effect of 
offsetting the silicon-based scattering centers is to reduce 
the scattered intensity and the effects are of the same order 
of magnitude as those produced by varying the ratio of 
contrast factors. 

The effects of temperature variation have been inves- 
tigated and the transition from a low-temperature rigid-rod 
(PM) or heIix (POE and PDMS) to more freely rotating 
chains a t  high temperatures is clearly seen. Agreement 
with the Gaussian subchain approximation for P(Q) (eq 
6) is good in the Guinier regime in all cases; however, at 
higher Q the agreement is poor at all chain lengths at low 
temperatures, but improves with increasing temperature 
as expected. Irrespective of chain length, the agreement 
is never complete at intermediate Q and high Q, due to the 
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failure for small values li - j l  of the assumption that the 
density distribution functions of rij follow a single Gaussian 
distribution for all i and j .  
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ABSTRACT Analytic expressions for the internal partition function and helix content in the limit of infinite 
molecular weight, fhd-9 are derived for homopolymeric, a-helical, two-chain, coiled coils (dimers) in which the 
effects of loop entropy and mismatch are neglected, Le., the neglect-loop-entropy model. We examine the 
behavior off$ as a function of the helix-helix interaction parameter, w, and as a function of the Zimm-Bragg 
helix initiation parameter, U. Comparison is made between the helix-coil transition in infinite-length dimers 
and in an *analogous”, isolated, single-chain, homopolypeptide. Furthermore, the dependence of the helix 
content of the dimer on chain length is investigated for various values of u. On the basis of the present work, 
i t  is concluded that homopolypeptide dimers having the same degree of polymerization as the prototypical 
two-chain, coiled coil tropomyosin are in the short to moderate length limit, a necessary condition for the 
application of the theory that  includes loop entropy and mismatch (Macromolecules 1984, 17, 645). 

I. Introduction 
In a series of papers, a statistical mechanical model of 

the helix-coil transition in two-chain, coiled coils (dimers) 
has been The theory ascribes to each indi- 
vidual amino acid two “short-range” interaction parame- 
ters, the standard Zimm-Bragg helix initiation parameter, 
u, and helix propagation parameter s, that are assumed 
to depend only on amino acid types and not on amino acid 
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s equen~e .~  Furthermore, the theory accounts for the 
greatly increased helix content of the side-by-side, two- 
chain, coiled coil relative to the calculated helix content 
of isolated single chains by a “long-range” interaction pa- 
rameter w ;  -RT In w is the free energy of the positionally 
fixed interacting pair of helical turns in each of the two 
chains relative to the free energy of the positionally fixed 
pair of turns in the noninteracting chains. The theory has 
been extended to include the effects of loop entropy and 
mismatch on the helix-coil t ran~i t ion .~-~  For a detailed 
account of the theory as well as a discussion of the relevant 
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